Abstract. In this paper a boundary element method is developed for the nonlinear flexural-torsional dynamic analysis of beams of arbitrary
INTRODUCTION
In engineering practice, we often come across the analysis of beam structures subjected to vibratory loading. This problem becomes much more complicated in the case the cross section's centroid does not coincide with its shear center (asymmetric beams), leading to the formulation of the flexural-torsional vibration problem. Besides, when arbitrary torsional boundary conditions are applied either at the edges or at any other interior point of the bar due to construction requirements, this bar under the action of general twisting loading is leaded to nonuniform torsion. Moreover, since weight saving is of paramount importance, frequently used thinwalled open section beams have low flexural and/or torsional stiffness and their deformations can be of such magnitude that it is not adequate to treat the cross section displacements and its angle of rotation as small. In these cases, the study of nonlinear effects on these members becomes essential, where this non-linearity results from retaining the nonlinear terms in the strain-displacement relations (finite displacement -small strain theory). When finite displacements are considered, the flexuraltorsional dynamic analysis of bars becomes much more complicated, leading to the formulation of coupled and nonlinear flexural, torsional and axial equilibrium equations.
When the displacement components of a member are small, a wide range of linear analysis tools, such as modal analysis, can be used and some analytical results are possible. As these components become larger, the induced geometric nonlinearities result in effects that are not observed in linear systems. In such situations the possibility of an analytical solution method is significantly reduced and is restricted to special cases of beam boundary conditions or loading.
During the past few years, the nonlinear dynamic analysis of beams undergoing large deflections has received a good amount of attention in the literature. More specifically, Rozmarynowski and Szymczak in [1] studied the nonlinear free torsional vibrations of axially immovable thin-walled beams with doubly symmetric open cross section, employing the Finite Element Method. In this research effort only free vibrations are examined, the solution is provided only at points of reversal of motion (not in the time domain), no general axial, torsional or warping boundary conditions (elastic support case) are studied, while some nonlinear terms related to the finite twisting rotations as well as the axial inertia term are ignored. Crespo Da Silva in [2] [3] presented the nonlinear flexural-torsional-extensional vibrations of Euler-Bernoulli doubly symmetric thin-walled closed cross section beams, primarily focusing to flexural vibrations and neglecting the effect of torsional warping. Pai and Nayfeh in [4] [5] [6] studied also the nonlinear flexural-torsional-extensional vibrations of metallic and composite slewing or rotating closed cross section beams, primarily focusing to flexural vibrations and neglecting again the effect of torsional warping. Simo and VuQuoc in [7] presented a FEM solution to a fully nonlinear (small or large strains, hyperelastic material) three dimensional rod model including the effects of transverse shear and torsion-warping deformation based on a geometrically exact description of the kinematics of deformation. Qaisi in [8] obtained nonlinear normal modes of free vibrating geometrically nonlinear beams of various edge conditions employing the harmonic balance analytical method. Moreover, Pai and Nayfeh in [9] studied a geometrically exact nonlinear curved beam model for solid composite rotor blades using the concept of local engineering stress and strain measures and taking into account the in-plane and out-of-plane warpings. Di Egidio et al. in [10] [11] presented also a FEM solution to the nonlinear flexural-torsional vibrations of shear undeformable thin-walled open beams taking into account in-plane and out-of-plane warpings and neglecting warping inertia. In this paper, the torsional-extensional coupling is taken into account but the inextensionality assumption leads to the fact that the axial boundary conditions are not general. Mohri et. al. in [12] proposed a FEM solution to the linear vibration analysis of pre-and post-buckled thin-walled open cross section beams, neglecting warping and axial inertia, considering geometrical nonlinearity only for the static loading and presenting examples of bars subjected to free vibrations and special boundary conditions. Machado and Cortinez in [13] presented also a FEM solution to the linear free vibration analysis of bisymmetric thin-walled composite beams of open shaped cross section, taking into account static initial stresses and deformations considering geometrical nonlinearity only for the static loading and presenting examples of bars subjected to special boundary conditions. Avramov et. al. [14] [15] studied the free flexural-torsional vibrations of beams and obtained nonlinear normal modes by expansion of the equations of motion employing the Galerkin technique and neglecting the crosssection warping. Lopes and Ribeiro [16] studied also the nonlinear flexural-torsional free vibrations of beams employing a FEM solution and neglecting the longitudinal and rotary inertia as well as the cross-section warping. Duan [17] presented a FEM formulation for the nonlinear free vibration problem of thin-walled curved beams of asymmetric cross-section based on a simplified displacement field. Finally, the boundary element method has also been used for the nonlinear flexural [18] [19] [20] and torsional [21] dynamic analysis of only doubly symmetric beams. To the authors' knowledge the general problem of coupled nonlinear flexural -torsional free or forced vibrations of asymmetric beams has not yet been presented.
In this paper, a boundary element method is developed for the nonlinear flexuraltorsional dynamic analysis of beams of arbitrary, simply or multiply connected, constant cross section, undergoing moderate large deflections and twisting rotations under general boundary conditions, taking into account the effects of rotary and warping inertia. The beam is subjected to the combined action of arbitrarily distributed or concentrated transverse loading in both directions as well as to twisting and/or axial loading. Four boundary value problems are formulated with respect to the transverse displacements, to the axial displacement and to the angle of twist and solved using the Analog Equation Method [22] , a BEM based method. Application of the boundary element technique leads to a system of nonlinear coupled DifferentialAlgebraic Equations (DAE) of motion, which is solved iteratively using the PetzoldGear Backward Differentiation Formula (BDF) [23] , a linear multistep method for differential equations coupled to algebraic equations (DAE). The geometric, inertia, torsion and warping constants are evaluated employing the Boundary Element Method. The essential features and novel aspects of the present formulation compared with previous ones are summarized as follows.
i. The cross section is an arbitrarily shaped thin or thick walled one. The formulation does not stand on the assumption of a thin-walled structure and therefore the cross section's torsional and warping rigidities are evaluated "exactly" in a numerical sense. ii. The beam is subjected to an arbitrarily distributed or concentrated transverse loading and bending moments in both directions as well as to axial loading. iii. The beam is supported by the most general boundary conditions including elastic support or restraint. iv. For the first time in the literature, the effects of rotary and warping inertia are taken into account on the nonlinear flexural-torsional dynamic analysis of asymmetric beams subjected to arbitrary loading and boundary conditions. v. The transverse loading can be applied at any arbitrary point of the beam cross section. The eccentricity change of the transverse loading during the torsional beam motion, resulting in additional torsional moment is taken into account. vi. The proposed model takes into account the coupling effects of bending, axial and torsional response of the beam as well as the Wagner's coefficients and the shortening effect. vii. The proposed method employs a BEM approach (requiring boundary discretization for the cross sectional analysis) resulting in line or parabolic elements instead of area elements of the FEM solutions (requiring the whole cross section to be discretized into triangular or quadrilateral area elements), while a small number of line elements are required to achieve high accuracy. Numerical examples are worked out to illustrate the efficiency, wherever possible the accuracy, the range of applications of the developed method as well as the influence of the nonlinear effects to the response of the beam. 
STATEMENT OF THE PROBLEM
Let us consider a prismatic beam of length ( Fig.1 z , with respect to the shear system of axes (Fig. 1b) . It is worth here noting that the aforementioned transverse loading can be applied at any arbitrary point of the beam's cross section and not necessarily at its centroid or at its shear center. In the case of a linear analysis, where the beam deflections and rotations Syz are considered to be small, in order to overcome the fact that the external transverse loading is usually applied as tractions upon the surface of the beam, the superposition principle is adopted and the actual applied system of forces is replaced by a statically equivalent one, acting on the centroid or on the shear center of the beam (Fig. 2a) . However in nonlinear analysis, where twisting rotations are considered to be large, the occurring change of eccentricity (Fig. 2b ) may have substantial influence on the beam response and must be taken into account. Under the action of the aforementioned loading and employing the Euler-Bernoulli assumption, the displacement field of an arbitrary point of the cross section can be derived with respect to those of the shear center as [12]  is the primary warping function with respect to the shear center S [25] . Employing the strain-displacement relations of the three-dimensional elasticity for moderate displacements [26, 27] , the strain components can be written as
while considering strains to be small, the non vanishing stress components of the second Piola -Kirchhoff stress tensor are obtained as
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In order to establish the nonlinear equations of motion, the principle of virtual work
where 5c)) is expressed in terms of the applied external forces and virtual quantities of the kinematical components in the deformed configuration of the beam. This expression takes into account the change of the eccentricity of the external conservative transverse loading, arising from the cross section torsional rotation, inducing additional (positive or negative) torsional moment (Fig. 2b) . Substituting the expressions of virtual quantities in eqn. (5c), the external work can be written as
Expanding the trigonometric functions in terms of Taylor series and keeping the first two terms [12] , the following approximate expressions are obtained
Using equations (7), equation (6) can be written as 
As it can be observed from equation (8), neglecting all the nonlinear terms leads to the well known linear expression of the external twisting moment, arising from the superposition principle. In the present study, these terms are retained, so that the change of eccentricity is taken into account. Moreover, the stress resultants of the beam can be defined as
where  P t is the primary twisting moment [25, 28] resulting from the primary shear stress distribution xy S , xz S , w M is the warping moment due to torsional curvature and R M is a higher order stress resultant. Substituting the expressions of the stress components (3) into equations (9a-9f), the stress resultants are obtained as
where the area A, the polar moment of inertia S I with respect to the shear center S, the principal moments of inertia Y I , Z I with respect to the cross section's centroid, the fourth moment of inertia R I with respect to the shear center S, the torsion constant t I and the warping constant with respect to the shear center , are given as
while the Wagner's coefficients Z  , Y  and   are given as
Employing the expressions of strain obtained in equations (2), the expressions of stress resultants given in equations (10) and applying the principle of virtual work (eqn. (4)), the equations of motion of the beam can be derived. The arising set of equations is coupled and highly complicated. Simplification can be achieved by neglecting the axial inertia of the beam, denoted by the term Au  , and employing the approximate expressions given in equations (7). Thus, using the aforementioned approximations and ignoring the nonlinear terms of the fourth or greater order [12] , the governing partial differential equations of motion for the beam at hand can be written as
while the expression of is given as N
The above governing differential equations (eqns. (13)) are also subjected to the initial conditions (
together with the corresponding boundary conditions of the problem at hand, which are given as 
Finally, , , , , , ,      
) are time dependent functions specified at the boundaries of the bar (  x l ). The boundary conditions eqns. (19)- (22) are the most general boundary conditions for the problem at hand, including also the elastic support. It is apparent that all types of the conventional boundary conditions (clamped, simply supported, free or guided edge) can be derived from these equations by specifying appropriately these functions (e.g. for a clamped edge it is
). In a case of eccentric axial loading or additional concentrated or distributed bending or warping moments, additional terms in governing equations (13) would arise. These terms could be taken into account without any special difficulty, by modifying appropriately equations (5c), (6)  having continuous partial derivatives up to the fourth order with respect to x and up to the second order with respect to t , satisfying the nonlinear initial boundary value problem described by the coupled governing differential equations of motion (eqns. (13)) along the beam, the initial conditions (eqns. (15)- (18)) and the boundary conditions (eqns. (19)- (22)) at the beam ends 0,  x l . Eqns. (13) and (15)- (22) are solved using the Analog Equation Method [22] as it is developed for hyperbolic differential equations in [29, 30] .
NUMERICAL EXAMPLES
On the basis of the analytical and numerical procedures presented in the previous sections, a computer program has been written and representative examples have been studied to demonstrate the validation, the efficiency, wherever possible the accuracy and the range of applications of the developed method. The numerical results have been obtained employing 21 nodal points (longitudinal discretization) and 400 boundary elements (cross section discretization).
Example 1
In the first example, for comparison reasons, the forced vibrations of a steel-I beam (Fig. 3) , ( 
Example 2
In order to investigate the influence of eccentricity change of the transverse loading in nonlinear flexural-torsional vibrations, the forced vibration of a cantilever beam ( 8 2 2,1 10
) of a monosymmetric thin-walled open shaped cross section (its geometric constants are presented in Table 3 ), as this is shown in Fig. 9 , has been studied. More specifically, the beam is subjected to a suddenly applied concentrated force
 kN having a slight eccentricity with respect to the shear center of the tip cross section (Fig. 9b) . In Figs. 10-12 the time histories of the transverse displacements , and the angle of twist
of the cantilever beam, respectively, in Table 4 the maximum values of its kinematical components and in Fig. 13 
CONCLUSIONS
In this paper a boundary element method is developed for the nonlinear elastic flexural-torsional dynamic analysis of beams of arbitrary cross section, undergoing moderately large displacements and angles of twist, taking into account the effects of rotary and warping inertia and the change of eccentricity of transverse loads during torsional rotation. The main conclusions that can be drawn from this investigation are:
 The numerical technique presented in this investigation is well suited for computer aided analysis of beams of arbitrary simply or multiply connected cross section supported by the most general boundary conditions and subjected to the combined action of arbitrarily distributed or concentrated time dependent loading.  The geometrical nonlinearity leads to strong coupling between the axial, torsional and bending equilibrium equations, resulting a significantly different response of the beam compared with this obtained from a linear analysis.  The change of eccentricity of the transverse loading during the torsional rotation of the cross section affects significantly the torsional response of the beam  Different loading positions upon the cross section may alter significantly the torsional response of the beam.  Accurate results are obtained using a relatively small number of nodal points along the beam.  The developed procedure retains most of the advantages of a BEM solution over a FEM approach, although it requires longitudinal domain discretization.
